arXiv: 1501.02719v2 [math.DS] 17 Jul 2015 


ON MULTIPLE RECURRENCE AND OTHER 
PROPERTIES OF “NICE” INFINITE MEASURE 
PRESERVING TRANSFORMATIONS 


JON. AARONSON & HITOSHI NAKADA 


Abstract. We discuss multiple versions of rational ergodicity and 
rational weak mixing for “nice” transformations, including Markov 
shifts, certain interval maps and hyperbolic geodesic flows. These 
properties entail multiple recurrence. 


§1. Introduction: multiple properties 

The measure preserving transformation (MPT) {X, B,m,T) is called 
• d-recurrent as in [7] if V A G S, m{A) > 0 3 n > 1 so that 


m{A n T-^A n n ■ • • n T-'^”A) > O; 


1-recurrence being equivalent to conservativity. 

In [7j, the authors considered the multiple recurrence of the Markov 
shift {X,B,m,T) of the stochastic matrix P: S x S [0,1] with 
invariant distribution {/i^: s G S'} where 

X = S'^, T = shift, = cr({cylinders}) & 


?TT.([So, • • • , f^SoPso,Sl ■ ■ ■ Psn-l,Sn 

where the cylinder [sq, • • •, := {x G A: x^+j = Sj VO < j < n}. 


showing for d G N that if {X, B, m, T) is conservative, ergodic, then 
• T is d-recurrent T x ... x T is conservative, ergodic. 



For Markov shifts, d-recurrence is equivalent to d-rational ergodicity: 

The conservative, ergodic, measure preserving transformation (CEMPT) 

(X, B, m, T) is called d-rationally ergodic along A C U if there exist: 
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multiple recurrence and other properties 


(i) a sequence of constants ad{n) 'I oo and 

(ii) a dense, T-invariant, hereditary ring (aka ideal) Rd(T) C R : = 
{F G B : m{F) < 00 } s.t. 


n—1 




adin) ^ 

^ k=0 j=0 


-;■ 

n—¥^oo, ndR 




j=0 


V Fo, Fi,..., Frf e Rd{T) & ro,..., rrf e Z; 


For Markov shifts, 


Ud{n) = ui, ad{n) = ^ui 

k=\ 

{n) 

where Un '■= (any s G S') and 

Rd(T) D {B G F : B G C a. cylinder}. 

In this paper we extend this to further classes of transformations which 
we call “nice”. 

Some notes on terminology: 

• d-rational ergodicity is d-rational ergodicity along N; 

• subsequence d-rational ergodicity is d-rational ergodicity along some 
i^C N; 

• 1-rational ergodicity is called weak rational ergodicity in [T]. 
Evidently, subsequence d-rational ergodicity implies d-recurrence 


Description of results. 

In §2, we define “d-nice transformations” and show that these are 
subsequence d-rational ergodic. This is applied in §5 where we es¬ 
tablish 2-recurrence [2-dissipation] of the geodesic flow of a Z-cover 
[Z^-cover] of a compact, hyperbolic surface, as advertised in [18]. In 
§3, we give sufficient conditions for the stronger multiple rational weak 
mixing properties which are applied to show 1-rational weak mixing 

- of certain special semiflows in §4; 

- of the geodesic flow of a Z'^-cover (k = 1, 2) of a compact, hyperbolic 
surface. 
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Asymptotic equivalence of sequences. Throughout the paper we 
use the following notations for sequences (oi, 02 ,...), (&i, 62 , • • •) £ 

• dxi ~ if cifi bfi y 0 , 

n—)-oo 

• for M > 0, dn = bn ^ M ii \an — bn\ < M \/ n > 1; 

and for (oi, 02 , • • •)) ^ 2 , • • •) e M+: 

• ~ if -)■ 1 , 

• a„ oc if ->■ c G M+, 

n—>-OD 

• On <C fon if 3 ^ > 0 so that dn < Mbn V n > 1 , 

• dn bn if dn bn and bn -C a„. 

For M > 1 we also write 

• dn = M^^bn or On X if ^ < a„ < Mbn V n > 1. 


§2 Nice transformations 
Let (X, B, m, T) be a CEMPT. 

We’ll call a set fl G := {A E B : 0 < m{A) < cxo} admissible for 
T if 

^ u{nY V d > 1 where 11(77,) = u{Q,n) := 

Let d G N. We’ll call the CEMPT (X, S, rir, T) d-nice if 

(i) there is an admissible set fl G X+ for T; 

(ii) {Xd, Bd,md,Td) := (X'’^, B{X^), rn x . ^. x ?? 7 , T x . ^. x T ) is a CEMPT 

d-times d-times 


(hi) 3 M > 1 and a countable, dense collection A <Z BAVL with fl G A 
s.t. V ro,... ,rrf G Z, 

n—1 d d 

5 ^m(f| X l[m{Bk)dd{n) W Bo, B,,..., Bd E A 

k=0 k=0 k=0 

where dd{n) := Ylk=i —)■ 00 by condition (ii), 

(iv) ad( 2 ? 7 ,) < dd{n). 

Proposition 2.1 IfisT d-nice, thendd{n) -E- 00 andTd is 1-rationally 
ergodic with return sequence dn{Td) x dd{n). 
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Proof For G -F+ admissible, 

u{Q,ky^ X 

Theorem 2.2 

If {X, B, m, T) is d-nice, then it is subsequence d-rationally ergodic. 
and the hereditary ring satisfies 

Rd{T) d{B eX: 3neZ, Be 


iQd 




tzl 



The proof of theorem 2.2 uses: 


Lemma 2.3 Let {X, B, m, T) he d-nice and let 12 G X+ be admissible. 
For any 0 < n < d, define 


d—u 


X’ - E n ° ■ n ° 


A:=l 2=1 


then 

(i) j filf'>dm^ ad{n) & (ii) j = O 


Proof of lemma 2.3. This lemma is a generalization of lemma 1.5 

in [7]. 

Throughout, we use admissibility of 12: 
if 5(1),..., 5(fi:) G Z and 5(1) < 5(2) < • ■ ■ < 5(fi:) then 

(0) x m(12 n 

Vr=l V=1 7 r=2 

Set 

ek{u):= J] loo^^'^ 

j^O 

then 

= ^efe(i/) and / < 2^^ / ek{p)efiv)dm. 

k=l k=l e=k 

In view of (0), the form of ek{i')efih')dm depends on the orders of 
the sets {ik^ji: 1 < 1, j < z^} and {ik,ji-. I < i, j < d — u}. 

The ordering of 

Ild{k,i) := {ik, ji: l<i,j<d} (d,/ c,£gM) 
is treated in lemma 1.5 of [7] and we’ll use results established there. 
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Define : N x {0,1} N by Nk,i{i, e) = (1 - e)jk + eji, then 
for each h > 1, N(^k/)- x {0,1} —)■ fld{k,£) is a surjection. Here 
Nd:={l,2,...,d}. 

An ordering of fld{k,£) is a bijection tt : N 2 d ^ x (0,1} so that 
N{k,i) ° tt : N 2 d —)■ fld{k,£) is non-decreasing. 

Given a bijection vr : N 2 (i —^ Nd x {0,1}, let 

D{7r) := {{k,£) G M x N vr orders £ld{k,£)}. 

Possibly D^tt) = 0. However, as shown in lemma 1.5 in [7], if 

Fd := {^; 0<p<q<d,{p,q) = l} = {0 := < r[‘^^ < • • • < = 1} 

is the Farey sequence of order d, then for each 0 < j < Nd, there is 
a bijection vr^ ; N 2 d —t x (0,1} so that 

(1) F(7rj) = {(/c,£) e e (rj,r^+i]}. 


Let Od := {tij : 0 < j < Nd}. It follows from (1) that if 1 < d' < d 
and TT G 0^, then 3 tt' G 0^/ such that D{7i) C D{j'). 

Fix TT G Od, {k, £) G F(7r), then writing 7r(j) = (kj, e^) for 1 < j < 2d, 
we have (see 0 ) 

N(k,i) o 7r(j) - N(^k,i) o 7r(j - 1) = Kj [(1 - ej)k + e/] - Kj-i [(1 - ej-i)k -3 e 

= {aj, i.k,£)) 

where o 7r(0) := 0, Oi = (ki( 1 — ci), kiCi) and 

• (^j(l g) i(l G—i)’ ^iG ^i~iG~i) (d — ^)' 

The vectors {aj(7r)}|£^ are non-zero and 

{aj(7r): 1 < j < 2d} = «fV): 1 < d < 4 

where aj-^^(7r) and are linearly independent V 1 < j < d}. 

Now, set 

4M = nin°r±y 

i=i 


then efc(z/) = (z/)e^(d - z/). 
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and it follows from admissibility that 

Jn 

/ 44)44)dm / e+{d-u)ej{d-u)dm. 

Jn Jn 

Using the discussion above (and admissibility of f2), 

„ 2d 

(2) / e'l{d)ej{d)dm x M((aj, (fc,£))) V (fc,£) G-D(7r), tt e o^. 

Jn 


We now complete the proof of lemma 2.3 in case v > d — v (the other 
case being similar). 

For each tt G Oj,, let vr' G Od-u be such that Diji) C Diji'). 

Since G k < 1} = -D(vr), we have: 


« n n p 

/ {44)^dm < 2 ek{iy)ei{u)dm 

k=l £=k 


e 

TvGOiy (/c,£)E-D(7r), A;,£<n 


ek{iy)ei{u)dm. 


For each tt G o. 


^ I 

{k,£)eD{n)ml 

= E 

(fc,£)eD( 7 r)nN 2 


ek{i')ei{p)dm 

/ 44)44)dm / e+{d-i£)ej{d-i£)dm 


Jn 

2u 


2(d—v) 


n 

(fc,^)ED(7r)nN2 

d 

Y1 ik,i)))u{{af\ {k,i))) 

(k,£)eDiTT)ml i=i 


where 


{af\af4ii = {af\7r),af{7r)}4^ U {a5.^^(7r'), af^(7r')} 

Consider Bj: ^ dehned by {Bjx)i := (x, 

which is injective. Let /L > 0 be such that ||i?jx||oo < 


2{d—u) 

j=^ 

(i = 1,2) 

CO V I, j. 
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By Holder’s inequality, 

d 

(^)^))) 

(fc,£)eD(7r)nN2 i=i 

i=i ^(fc,£)eD(7r)nN2 

= n( E ' 

J=1 ^{k,t,&Bj{D{-K)ml) ^ 

< Y. “(^)‘'“(q‘' 

= ad{Knf 

< ad(n)^. El 


Proof of theorem 2.2 For any 0 < z/ < d, fix Hq, ..., Hq, ..., i?d G 
.4, so that Hj = Hj V 0 < j < d, j 7 ^ z/, then 




k=0 


i=i 


i=i 


n d 

= J 2 m{ fl T-^'%nT-"'’(H,AH,)) 

k=0 j=l, 



< M\/m{A^AB^)ad{n). d 


§3 Multiple rational weak mixing. 

Let d E N. We’ll call the CEMPT {X,B,m,T) d-rationally weakly 
mixing along .4 C N if it is d-rationally ergodic and 
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• 3 Mrf(n) > 0 SO that the normalizing constants are given by ad{n) : = 
Ud{n) t oo where 


- n—1 


^(pj -\[m{Bj)ud{k) 


i=o 


j=0 


n^oD, 


0 


Rational weak mixing (i.e. 1-rational weak mixing along N) was 
introduced in [3]. 

Recall that the CEMPT {X,B,m,T) is pointwise dual ergodic if there 
are constants an{T) > 0 so that 


(DK) 


1 

an{T) 




k=l 


- 1 - 

n—>oo 



a.e. 


y feL\m). 


Here, T : L^(m) L^(m) is the transfer operator dehned by Tf : = 

— where Vf{A) := J^fdm. It satisfies 


lx 


Tf ■ gdm = f ■ Tgdm V / G L^{m), g G L°°{m). 


First return time and induced transformation. 

Suppose {X, B, m, T) is a CEMPT and let kl G B, m{kl) > 0, then 
m-a.e. point of returns to hi under iterations of T. The return time 
function to hi, defined for x G hi by (po(x) := min{n > 1 : T'^x G hi} is 
finite m-a.e. on hi. 

The induced transformation on hi is dehned by T^x = 

In case m(hl) < oo, then (hi, H fl hl,Tn,mo) is an EPPT (ergodic, 
probability preserving transformation). 

Proposition 3.1 

Let (X, H, m, T) he an exact, pointwise dual ergodic CEMPT and sup¬ 
pose that 3 hi G & a C n hi a one-sided T^-generator for H fl hi 
so that 

(i) the first return time : hi —N is a-measurable & 

(a) there exist d E N, 0<7<^ and b : M+ —M+, a -regularly 
varying function, so that 

(LET) fo(n)f5^(lAn[<^„=fc„]) — ^ > mn{A)f^{x) 

n—^oo, 

’ 6(n) 

V cylinders H & x G M+, 
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where is the probability density function of the normalized, positive 
'-y-stable random variable, then 

^ n d 

k=l i=l 

-)■ 0 a.e. \/Ai,..., Ad E B. 

n^oo 

and, in particular, (X, B, m, T) is d-rationally weakly mixing. 



Remark. Suitable: 

• AFN maps, and towers over AFU maps as in [6], 

• towers over Gibbs-Markov maps as in [5] 
satisfy the assumptions of proposition 3.1. 

Proof 

Let a{n) := h~^{n), Un '■= then 

n 

an{T) ~ a(n) ~ 

k=l 

We’ll use pointwise dual ergodicity to establish rational weak mixing. 
To this end, we show hrst (as in [n]) that (LLT) implies that : 

(®) lim —T”1 a ^ m{A) a.e. for A <zVt a. union of cylinders. 

n—)-oo 


Proof of (®) 

As in m (see also 0): 


n 

■*-A — / , t^Q,^Ar\[ipk=n] 
k=l 

— where Xk^n •= yjpj 


(LLT) 

r\j 



l</c<n, tc/g ^E[c,d] 


b{k) 


m{A). 


By the y-regular variation of a, 

1 'ya(ri) xj^^i ^k+i,n 

_ r\j _ . _ _ _ _ _ 

7 

^k,n 


m 


n 
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Therefore 


1 

Un 


l</c<n, Xh^n^[c,d\ 


f {^k,n) 

~wr 


l<fc<n, Xk,n^{c,d) 




X 


f {^k,n) 


k,n 


f{x)dx 


[cA 


x'^ 




-71 
7 > 


-^ 1. El® 

c—^0“i~5 d —^oo 


Proof of (<^) 

Let A C be a finite unions of cylinders. By (DK), (®) and propo¬ 
sition 3.3 in [3], 

1 ” - 

- m{A)un\ -)■ 0 a.e. 

a n n^oo 

^ ^ k=l 

whence by proposition 3.1 in [3], for a.e. x ^ Q, there is a subset 
K = Kx C N of full density so that 

—f"+"lA(x) -^ m(A). 

Un n^oo, nGKx 

Let C C hi be compact. As in [5], 3 hnite unions of cylinders D 
A„+i D C so that m{An) J, m{C) as n —)■ cx). Thus, for a.e. a: G hi, 
there is a subset K = C N of full density so that 

lim —< m(C), 

n—>-oo, n&Kx Un 

whence, again by (DK) and propositions 3.1 & 3.3 in [3], 

—f'^+Ac{x) -^ m{C). 

Un n^oo, n&Kx 

Let B G BiVL). Again as in [3j, there are compact sets Cn C Cn+i C B 
so that m{Cn) t ^{B) as n —)■ cxo. Thus, for a.e. x G D, there is a 
subset K = C K of full density so that 

lim — T'^^''1b{x) > m{B), 

n^oo, n£Kx 

whence, (as above) for a possibly smaller K = C N of full density, 
—f’^+"lB(a:) -^ m{B). 

Un n->oo, n£Kj: 
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It follows that for Ai,...,Ad e B{VL), for a.e. x E fl, there is a 
subset K = Kx C N of full density so that 

-T*+-''(i*r‘+’'»(u,... r‘+'-(iAj...)-^ 

n^oo, neKx 

“ i=l 

The index of regular variation of u~^ is dy G (0,1) so, again by propo¬ 
sitions 3.1 and 3.3 in [3], 

n d 

k=l i=l 

-)■ 0 a.e.. A 

n—>-oo 

54 Special semiflows 


Given a a-hnite measure space (X, m) we denote 

MPT(X, 13, m) := {measure preserving transformations of (X, 13, m)}. 

Note that these transformations are not necessarily invertible. In this 
section, we consider, for S a hnite set and k G N, measure preserving 
semiflows T : M+ -E- MPT(X, 13, m) where 

X = {{x,n,t) E VL X lA X M+ : 0 < a; < h{x)} where 
G C a transitive SFT, h : G —> M+ Holder; 

B = B{X), m{Ax B X C) = fi{A)i^{B)Leh{C) 
where # is counting measure, n E P(H) is Gibbs as in [19], [TO] : 
Tt(x, n, y) = (T’^x, n + (t)n{x),y + t- hn{x)) 
where 0 : G —)■ is continuous, T = Shift & n = nt{x, y) is s.t. 

n —1 

hn{x) := ^ h{T^x) <y + t< K+i{x). 

k=0 


Pointwise dual ergodicity. Suppose that, T is ergodic, equivalently 
is ergodic, or 0 is non-arithmetic in the sense that ^ solution to 

(j) = k-\-g — goT, g ■. VL measurable, 

fc : H —)■ IK measurable, where IK is a proper subgroup of Z^. 


By the central limit theorem in lizi. 


(CLT) 


(j^n distribution 


> X 
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where X is a globally supported, centered Gaussian random variable 
on 

As in |1], is dissipative for k > 3 and pointwise dual ergodic for 
K = 1,2 with 


an{T^) ~ y^^UkiT^) 

k=0 



logn/x(0) 


K = 1; 
K = 2. 


Analogously to Proposition 2.2 in |1], (X, S, m, is dissipative for 
K > 3 and pointwise dual ergodic (as a flow) for k = 1,2 with 


a„(d') ~ ^a„(T0) 


where x = hdP G 

1 r 
an(d') Jo 


M+: namely 
^t{F)dt ^ 


Fdm y F E L^{m). 


'X 


Proposition 4.1 (Exactness) Suppose that the function {h,(j)) : 
G ^ G := M X Z'' zs non-arithmetic in the sense that $ solution to 

{h, (f) = k + g — g o T, : G —)■ G measurable, 

fc : G —)■ IK measurable, where IK zs a proper subgroup of G, 

then (X, B, m, d/f) is an exact endomorphism V t > 0. 


Proof The assumption is equivalent to the ergodicity of 

(G X G, fi X Leb X 

which entails (characterizes) the exactness of d/. 

In this case, for each t > 0, {X,B,m, d/*) is pointwise dual ergodic 
(as a transformation) for k = 1,2 with 

namely 

n 

(PDE) —— y ^tk{F) / Fdm y Fe L\m). 

«n(d't) ^ n^oo 

Rational weak mixing. 

If 0 is aperiodic in the sense that ^ solution to 

(f) = k + g — g oT, g -.kl ^ IF measurable, 

/c : G —)■ IK measurable, where IK is a proper coset of FF, 
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then by theorem C* in [13] (which in this case follows from the local 
limit theorem in [12]), for A <zVL a. cylinder set: 



In particular, 



It follows from proposition 3.1 that (hi x x x is 

rationally weakly mixing when k = 1,2. 

Proposition 4.2 (RWM of special semiflows) 

Suppose that the function (h, 0) : hi ^ M x is aperiodic in the 
sense that $ solution to 

{h, (j)) = k + g — g o T, g : Q x measurable, 

k : Q ^ K. measurable, where K is a proper coset o/M x Z'^, 
then for each t > 0, {X, B, m, n't) is rationally weakly mixing. 

RWM entails a kind of “density local limit theorem” and we begin the 
proof of proposition 4.2 with a one-sided version of (LLT) for the flow 
transformat ions. 

Lemma 4.3: (Lower local limit) 

Suppose that the function {h,4>) : hi —)■ M x Z'^ is aperiodic in the 
sense that $ solution to 

{h,(j)) = k + g — g o T, g : Q x measurable, 

/c : n —)■ IK measurable, where IK zs a proper coset o/M x Z'^, 
then for A (Zkl a cylinder set and I C [0, min h] an interval, 


(LLL) lim f2$i(lA 0 1(0} ® l7)(cd,0,|/) > Vx(0)/x(A)|/|. 


Proof of (LLL) 


We have that 


$4(1a 0 l{o} ® h){uj,y, 0) = ^f’"(/l[^^=o, h„ei+t-y]){uj) 


n=0 

and so it suffices to prove 



n= 


^±Mx/i 


xt-Vx(0)/i(kl)|/|. 
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Proof of (ei) 

By the central limit theorem for (h, (p), 

1 / , , \ distribution „ 

K - xn) -^ Z 

/Ti n^oo 


where Z = {X, Y) is non-singular normal with 

• X centered, non-singular normal on 

• Y centered normal on M. 

By the LLT for {h, 0), 


w-(-l 


n^oo, |a:n|<M 

Fix t, M > 0, then 

t = Kn -|- x\fn with x = Xn,t £ [—M, M] 

t X 


n 


= -& in this case 


K X2 


T''if^l<t>n=0, h„el+t-y]) ~ -^wfz{0,Xn,t) 

n 2 

as t, n ^ oo, \xn,t\ < M. 

It follows that for hxed M > 0 with M' 

^2 ^"'(/l[0n=O, hnSZ+t-y]) 

n=^±M'Vi 


^ K 

t—>-CX) 


ini Y. l.„«+.-vl) 


n=X±M'Yl 


X2 

t-^oo 




n=l^±M'X 


Now, 


SO 


Xn,t 


n yjn + 1 2ny/n 

t — Kn t — K{n + 1) 

\/n + 1) 


n 

K 


Vn + l 


r tr 1 1 

+ {t — Kn){—= — 


n ^n + V 


= ZL(i + oX)). 

'n \/n 


Thus 
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^rt 

n=^±M'Vi 


1 = 0 , hnel+t-y]) 

\I\ 


^ -^fz{0,Xn,t) 

t^oo ^' wn 

n=^±M'Vi 


K 


t—>00 


2 VI X] V+I,t - 2:n,t)/z(0,a;n,t) 

n=^±M'Vi 


t—>-oo 


^ _1 

-)• X 2 MJ 


[-M',M'] 


fz{0,x)dx 


>xt-Vl/A(0). tZi 


M'^oo 


Proof of proposition 4.2 This follows from pointwise dual ergodicity 
and (LLL) via proposition 3.3 of [5]. 0 


Remark. A stronger version of lemma 4.3 would be the local limit 
theorem: 

For A G Q a cylinder set and I C [0, minh] an interval, 

(LLT) lim (8) l{o} (8 l/)(a;,0,|/) = (0)/i(A)|/|. 


It is not hard to show that special semiflows satisfying (LLT) enjoy the 
stronger property of Krickeberg mixing (as in ini). Note that here, 
in the notation of lemma 4.3, (LLT) is equivalent to 


(* 


lim lim 1 2 

M —)-00 t^OO 

n>l, 


|n-t|>MvT 


0 . 


We do not know whether this necessarily holds under the assumptions 
of lemma 4.3, but we’ll see in the next section that the geodesic flows 
of Abelian covers of compact hyperbolic surfaces have this lim hnite 
when we show (SS) (on page [19]). 

For work on (LLT) for flows, see [16] & [24] , 


§5 HYPERBOLIC GEODESIC FLOWS 


Definitions. The hyperbolic plane is El := {z = n + in G C : \z\ < 1} 
equipped with the arclength element ds{u, v) := ^^e area 

element dA{u,v) := 

The hyperbolic distance between x, 1 / G El is 


P{x,y) 


inf { / ds : 7 is an arc joining x and y} 


2 tanh ^ 


\x - y\ 

l-xy\' 
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This inf is achieved by an arc of a geodesic in (H, p). Note that El is also 
known as the disk model for the hyperbolic plane. These geodesics 
are diameters of El and circles orthogonal to 5Elj3 

The isometries Isom (El, p) of (El, p) are the Mobius transformations 
and their complex conjugates. 

If g is an isometry of El, then Ao g = A. 

The space of line elements of El is UT(M.) = El x T. 

The geodesic flow transformations <p* are defined on El x T as follows. 
To each line element u there corresponds a unique directed geodesic 
passing through x{u) whose directed tangent at x{u)) makes an angle 
9{u) (with the radius (0,1)). 

If t > 0, the point x{ip*u) is the unique point on the geodesic at 
distance t from x{u) in the direction of the geodesic, and if t < 0, the 
point x{igfuj) is the unique point on the geodesic at distance —t against 
the direction of the geodesic. 

The angle 6{(p^u}) is the angle made by the directed tangent to the 
geodesic at the point x{ipfuj). 

There is an important involution yiEIxT^EIxT, of direction 
reversal: x{x^) = x{u) and 9{x^) = + tt. Here u = {x, 9) = 

{x{u),9{u)). 

The isometries act on El x T (as differentiable maps) by 
g{u) = {g{x{u)), 9{u) + argp'(x(a;)) 

and it is not hard to see that X9 = 9X ip^g = pph 

Both the geodesic flow, the involution and the isometries preserve 
the measure 

dm{x, 9) = dA{x)d9 on El x T. 

Let T be a discrete subgroup of Isom (El) (aka Fuchsian group), then 
M = EI/T is an hyperbolic surface and any hyperbolic surface is iso¬ 
metric to one of this form. 

The space of line elements of M = EI/T is UT{M) := M x T = 
(El X T) /T and the geodesic flow transformations on UT{M) are defined 
by 

ypfr(a;):=ryp*(a;). 

Let TTr : El — )■ M, vfr : El x T — )■ UT{M) be the projections vrr(2) = 
Vz, Tr(a;) = To;, and let F be a fundamental domain for T in El, e.g. 

F'’ := {x e e : p{y, x) < p(x(g),x) V 7 G T \ {e}}, p G H, 

^ It is sometimes convenient to consider the conformally equivalent upper half 
plane model W := {x + iy : x, ?/ G R, y > 0} where the geodesics are vertical lines 
and circles orthogonal to R. 
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then vTr and Wr are 1-1 on F and F x T, and so the measures A\p and 
m\p induce measures and mr on M = EI/F and UT{M) = EI/F x T 
respectively. 

Basics. It is known that for M = H/F, 

• is either totally dissipative, or conservative and ergodic (E. Hopf 

m), 

• ip^ is conservative iff ar(t) := ^ qq 

' ^ t—^OO 

7 er, p{x,'y{x))<t 

(E. Hopf [15] & M. Tsuji [23]). 

Moreover, any conservative (p^ is: 

• rationally ergodic with return sequence oc ar(t) ([ 8 ], see also [ 2 ] 
chapter 7); 

• weakly mixing ([20]). Note that a flow is weakly mixing iff all its 
transformations are ergodic. 

All transformations of a rationally ergodic, weakly mixing flow are 
necessarily rationally ergodic. 

Abelian covers of compact surfaces. 

Let M = EI/F be a compact, hyperbolic surface, let <p^ : UT{M) —)■ 
UT{M) denote the geodesic flow and let y : UT{M) —)■ UT{M) be the 
involution of direction reversal. 

Now let A > 1 & let H be a Z'^-cover of M that is E is a 

complete hyperbolic surface equipped with a covering map p : V ^ M 
so that 3 a monomorphism 7 : Z'' —Isom (E*-^^), such that for y G 
E, p~^{p{y)} = {j{n)y : n G Z^}. 

Rees showed in [TH] that is conservative when k = 1,2 and 

dissipative when k > 3. 

In this section we prove 

Theorem 5.1 The geodesic flow transformations {t > 0) are 

• rationally weakly mixing when k = 1 , 2; 

• 2-recurrent when k = 1 and 2-dissipative when k = 2. 

Proof of rational weak mixing 

Let M = EI/F be a compact, hyperbolic surface (with F is the corre¬ 
sponding, cocompact, Fuchsian group) and let pm '■ UT{M) UT{M) 
denote the geodesic flow on UT{M) (the unit tangent bundle) and let 
y : UT{M) —)■ UT{M) be the involution of direction reversal. 
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As is an Anosov flow, by Bowen’s theorem ([9]), there is a special 
flow $ : M —)■ PPT(y, C, z/) and vr : F —)■ UT{M) a continuous, measure 
theoretic isomorphism satisfying o tt = tt o $. Here PPT(y, C, 
denotes the collection of invertible probability preserving transforma¬ 
tions of the probability space (Y, C, u) equipped with the weak operator 
topology. 

Here: 

F = {(x, t) e n X M+ : 0 < X < h{x)} where 
n C a transitive SFT, h ■. Vt ^ M_|_ Holder; 

C = H(F), xB) = c-^p{A)Leh (B) 

p G V{yt) Gibbs as in [10]; c := hdp & <ht(x, y) = (T’^x, y + t — hn{x)) 
where T is the shift and n = nt{x, y) is so that 

n—1 

hn{x) ■■= ^ h(T^x) <y + t < K+iix). 

k=0 


By Rees’ rehnement, h h tt can be chosen so that 

• S' is a finite, symmetric generator set of B and the elements of G 
code the geodesics in M = EI/B, 

• (G, T, /i) is topologically mixing, 

• h(..., x_i, Xq, Xi,...) = h(xi, X 2 ,...) and 

• x(7rB) = ttS. 

Now let K > 1 & let F be a Z'^-cover of M that is F is a complete 
hyperbolic surface equipped with a covering map p : V ^ M so that 
there exists a monomorphism 7 : ^ Isom(F), such that for y G 

F, p~^{p{y)} = {l{n)y : n G lA}. 

The corresponding tangent map, also denoted p : UTiV) —)■ UT{M) 
is equivariant with the geodesic flows and their direction reversal invo¬ 
lutions. 

We have that F*^^^ = H/Tq where the corresponding Fuchsian group 
Fq = Ker 0 for 0 ; F —a surjective homomorphism. 

The corresponding Z^-extension of <h : M —?■ PPT(F, C, u) is the spe¬ 
cial flow T : M —i- MPT(X, B, m) where 

X = {(x, n, t) G G X Z X M+ : 0 < x < h(x)}, 
m{A X B X C) = /i(A)Leb {B)j^{C) where # is counting measure, 
Tt(x, y, z) = ($t(x, y),z + 0n(a;)) where 
<ht(x,|/) = {T'^x,y + t - hn{x)) & • • •) = 
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There is a continuous, measure theoretic isomorphism 11 : X —)■ TV 
satisfying 


pon = 7 r, ipv o 71 = n o ^ & n(a;, t, n) := 7(n)n(a;, t, 0). 

As in IZD, V is homologically full in the sense that as t —?■ oo, 3 
exponentially many closed geodesics of length < f in each homology 
class. 

Therefore, by the lemma in [22] the function (h, 0) : hi ^ M x is 
aperiodic in the sense that ^ solution to 

(f) = k + g — g o T, : hi —)■ M x Z'^ measurable, 

A; : n —)■ IK measurable, where IK is a proper coset of M x Z'^. 

Thus T : M —MPT(X, S, m) is a two-sided version of a special semiflow 
satisfying the assumptions of proposition 4.2 and rational weak mixing 
follows. 0 

Proof of 2-recurrence & 2-dissipation 

For a; G H, and e > 0, set 

Np{x, e) = {?/ G El : p(x, y) < e}, A(a:, e) := iVp(x, e) x T. 

To prove the theorem, we show first that 

sets of form A = A(a;, e) are admissible and satisfy 

(«S) m(An99-‘,)A) X 4- 

t'i 

The lower bound in (Si) follows from lemma 4.3 applied to the flow 
(X, ;B, m, T) as above. 

We now proceed to establish the upper bound. The following ana¬ 
lytic geometry lemmas are valid for any Fuchsian group F with Xr = 
UT{m/T) = m/T X T. 


Analytic geometry lemma I.- 

For X G Xr & e > 0 small enough: 

(i) m{A{x,e) n(j)f^A{x,e)) < ^ 

7 Er, p{x,'y(x)=t^2e 

(ii) m(A(a;, e) n (/)jt*A(a;, e)) 3> ^ e“ 

7er, p(x,7(a;)=t±| 
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Proof We have that 


m(A(x, e) n 9 ?p^A(x, e)) 


' A(x,e) 


lA(x,e) o (p^dmr 


' Np{x,e) 


<h(s; z)dA{z) 


where 


Set (pz{oj) 
we have 


*^*(■5;^) i'rNpix,e)xTO^ri^,0)d9. 

76 r 

Using and ip\0,0) = (tanh 6>), 


d)(s;z) 



'rNp{x,e)xT ° V^r(^) 9)d9 

^7ANpix,e)xT°^ri0,0)de 

^AzNpix,e)i^^M^y"'^)dd 

jv,(^jS(x),.)(tanh(f)e2"®)d0 


7 er 


where J{w,ri) C T is the interval 

J{w,r]) := {6* G T : tanh(|)e^""*'^ G Np{w,r])} 

and \J{w,r])\ is its length. 

We have that |J(ta,r^)! > 0 iff p(0, w) = s ±7]. 

Thus \J{(p~^'y{x),e)\ > 0 iff 

p{z, 7 (x)) = p(0, (p~^'y{x)) = s±e 


and 


7 Sr, p( 2 , 7 (x))=s±e 

Next, for t(;G]HI&7>0, we consider the angle interval subtended 
by Np{w,r]) at 0 ^ Np{w,r]), 

A{w, 7 ]) := {0 G [0, 27r] : 3 r G (0, 1) 3 p(ta, re*^) < 7 ]}. 
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{1 — \w\‘^) tanh I 


We note that 

A{w,r]) = {e e [0,27r] : ||0-argM;|| < sin ^ 

where ||0|| := 6 A (2% — 6), 6^ G [0, 27r). This is because 

(1 — 6‘^)w (5(1 — |wp) 


Np{w,T]) = B 


1 — ’ 1 — (5^|ta| 


where B{x,r) is the Euclidean ball of radius r and 6 = tanh|. 
as |tc| ^ 1 & 77 —)■ 0, 


\A{w,r]) \ = 2 sin 


/(I — |tcp) tanh ■ 


|t(;|(l — tanh^ 


h(i-kr) 


Thus, 


whence 


7Sr, p{z,'f{x))=s±£ 

< Y1 


7er, p{z,'y{x))=s±t 






^-p(2,7(x)) 


7er, p[z,'i{x))=s±e 

s E « 

7Sr, p(x,7(a:))=s±3e 


-p{x,'y{x)) 


m(A(x, e) n v9p^A(x, e)) = / ^{s;z)dA{z) 

J Np{x,e) 

< El(i) 

7er, p(x,7(3;))=s±2e 

Next, to establish (ii) note that 3 (^ > 0 so that 

3r] 


p(0, w) = s ± 


\J{w,v)\ > C\A{w,r])\. 


}, 


Thus 
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Thus, for z G Np{x^ |) 

7er, p{z,'y{x))=s±^- 

>C |A(97jS(a^)T)l 

7 er, p(2,7(x))=s±^ 

g-p( 2 , 7 (a;)) 

7er, p(2,7(x))=s±^ 

g-p(a;,7(x)) 

7er, p(a:,7(x))=s±f 

whence 

m(A(a:, e) n e)) > / <h(s; 

7er, p(x,7(x))=s±| 




Analytic geometry lemma II.■ 

For X G Xy & e > 0 small enough: 

p . p 

e)) < Mp m(A(x, 4e) fl (/)f*'=A(a;, 4e)) 

j=0 k=l 

V 5o 0, 5^, • • • 5 Sp I> 0. 


Proof 

For 7 G (resp. t G M^) we denote its coordinates by 7^ (resp. tk), 
k = 1, Let 


Ip = {f G : 0 < fi < ... < fp}. 

Let e > 0 be fixed and A = A x T as before, where N = Np{x,e). 
We assume e to be sufficiently small. 
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First observe that 


t' 

u{p,t) :=m(p| 0 p‘^A) 

j =0 

r ^ 

= / ^rd'mr 

j=i 

gpp Ja 


2n P 


/ / JJl7,iVxTOV5*"(2^,6’)c?6’c?^(2^) 

^gpp JN Jo j_^ 


where 


= / i^p{t,z)A{dz) 
J N 


l*2n P 

i>pit,z):='^ / T\l^^NxT°^^^{z,9)d9. 


Next, 


76rp"" i=i 


p27r P 
gpp Jo • ^ 


76 rp"^ j= 


For te Ip, , let to = 0 , let 


Sk+i = 4+1 - 4 {0 <k <p-l) 


and let 


f27r P 


^o{t) := {7 e F^ : / Yl l+jSiA(tanhtje*®)d0 > 0}. 


'0 ,=i 


If 7 = (71,..., 7p) e Fo(t), then 

3 6 e [ 0 , 27 r) with p{uj{ipt^{z, 6 )),'yk{x)) < e'i 1 < k < p 


p{'yk{x),'yk+i{x)) = p{u{ptk{z,e)),u{ptk^^{z,e))) ±2e 
= Sfc ± 2 e. 


whence 
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Setting Wo = z = joix), 

p(z,jp(x)) =tp±e 

P-1 

= Y^Sk±e 

k=0 

p-1 

= ^P(7k+i(x),7k(x)) ± (2p+ l)e. 


fc =0 


Thus 


/ 27r P 
Ifci-ui i=i 

p27t 

Y1 / l¥’jSpJv(tanht^e*®)ci0 

^T't 5 / I \ V 0 


7 erp(t) ■ 

< ^ |A((^“^7p(x), e)| •.■ tauhtjC*® G => 6* G A(<<5rSp(2:),e), 

7 Grp (t) 

E g-p(0,¥32 Spa:) 

7GrP(i) 

— g-ph>7pa:) 

7GrP(t) 

p-1 

« E H' 

7GrP(t) k=0 

p-1 


-P(7fc(a;),7fc+l(a:)) 


< 


p-p(a:,7S)) 


n E » 

fc=0 7Er, p{z,'y{x))=Sk^2e 
p-1 

<C m(A(a;, 4e) fl A(a:, 4e) 


fc =0 


and 




i=o 


'TV 

P 


^ ]^m(A(a:,4e) n (/)p*''A(a:, 4e)). d 


A:=l 


To complete the proof, we use a word metric observation from 
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Word length. 

Define the S-word length of 7 G F by 

^(7) = ^5(7) := min {iV > 1 : 3 Ci, C2,..., Cat G S', 7 = C1C2 ... Cat}. 
This gives rise to the word metric di on F given by 

:= 

As before, a set of form 

c = [ci, C2,..., c„] := {x G D : Xfc = Cfc V 1 < /c < n} 
is called a cylinder of length n. Let 

Cn '■= {cylinders of length n}. 

To each C = [ci, C2,..., c„] G corresponds 7 = 7 c := C1C2 ... c„ G F 
with £(7 c) = n. 

It is shown in [ 12 ] that 3 M = Mr > 0 so that 

(^) (i) p( 7 ( 0 ),/ 3 ( 0 )) = M^df( 7 ,/ 3 ), 

(ii) /i(C') = 

where 0 7^ C = [ci, C2,..., cj C D & 7 = 7c := c„c„_i... C2C1. 


Thus, 

Y. AU Y by(.^)(ii) 

7 ero, i{'r)=n 7=ciC2...c„ero, i{'y)=n 

cec„, 0(7c)=o 
= /x([0n = 0]) 

xi by(LLT). 
n2 


Fix t, K > 0. Suppose that g G Fq & p(O,0(O)) = t ± K. Let 
1{q) = N. If 7 G F, p(0,7(0)) = t ± K, then p(0(O),7(O)) < 2K, 
whence ^^(0,7) < 2MK and 


£(7) = N± 2MK. 
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Using this and (j^)(i) 

^ g-p(0,7(0)) < ^ ^ g-p(0,7(0)) 

76 ro, p(0,7(0))=t±i^ n=N±2MK CeCn, e(7c)=0 

n=Af±2Mit'CeC„, 0(7c)=O 

1 1 


This is the upper estimation in (SS) and proves admissibility of sets of 
form A{x,e). It follows that (py{ 2 ) is 1-nice and 2-dissipative. 

It follows from (LLL) that the representing semiflow of ipy(i) is 2-nice, 
whence also ipy(i). By theorem 2.2, ipy(i) is subsequence 2-rationally 
ergodic, whence 2-recurrent. 0 

Higher dimensional theorem 5.1. In the interest of simplicity, 
we stated and proved theorem 5.1 for surfaces. In fact the analogous 
statements hold for geodesic flows of hyperbolic manifolds of arbitrary 
dimension with constant negative curvature. The proof is the same. 
The geodesic flow of a compact manifold with constant negative cur¬ 
vature is an Anosov flow. The results of |9] [19], [21] and [22] apply 
and the analytic geometry lemmas have analogous multidimensional 
versions. 
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